Cartesian Product
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o If éand B are two sets, then the Cartesian product /
of A and B written A x B, is the set _ m
o) — a2 =7
A x Bl={(a,b)la e Aand b € B}. 5 ,
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e (a,b) is called an ordered pair.
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Unlike with sets, order matters. (a,b) is not the same

as (b,a). T~
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Cartesian products: example

e A={1,2,3}, B=1{a,b,c}.

—_— —~— —
e Ax B={(1,a),(1,b),(1,¢),(2,a),(2,b),(2,¢),

(3., (3.0).T3, 0)}.

\
e Note: (,1) is not in A x B. The first thing in the J‘/““f'é /

ordered pair has to come from A and the second thing

has to ¢ oS- g1
e Note:/|A x B| = |A]| - |B|. )




More on Cartesian products

e The notion of Cartesian product extends to more than

two sets:
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e Example: P_W/'Lf— /Z'H){L:f

— A={1,2}, B ={a,b}, C ={dog,cat}.
—|A x B x C'}={(1.a,dog), (1, a, cat), (1, b, dog),
7(1? b,cat), (2,a,dog), (2,a,cat), (2,b,dog), (2,b, cat) }
A % B) x CJis not the same.
— A x B is the set {(1,a),(1,b),(2,a),(2,b)}, so if we

take the Cartesian product of that new set with C'

we
({1, a),dog)A(1,a),cat), ((1,

(2,a) do ((2,a),cat), ((2,b ,dog : |




Properties of Sets
: - 7 “ ANR
Some results discussed in the book Q —.

- =
e For all setsin A and B, AN
—|[AQBCA] ANBCA = T UA
~ACBUA BCBuUA N, =
e g T —
e For all setsin A, B and C, )/ | —

— AC Band BCC(C, then A C C. @/
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e Probably the easiest way to convince yourself of these
things: Venn diagrams.
¥

e But how do we prove formally that one set is a subset

Tee—

of another...?




Proofs about subsets

— A&
e Think back to the definition of subset. VX . (X#Y )(
—!X CY ;) (Va,if z € X, thenx €Y).
m — L
e \We can use the element argument from Section 6.1 ® Q\'_n (

to prove general results like these. ]

Element Argument: @ =

— Given sets X and Y, to prove that X C Y.

1. Suppose that x is any arbitrary element of X. v T S< u Y

\_/
2. Prove that x must also be an element of Y.



Example subset proof (element argument)

— —

e For all sets |n A and B, 7;:4/\

e Proof: (on the chalkboard). \/

e This was a \ery si le. We will see some
more complex subset proofs later. ‘l
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Procedural Versions of Set Definitions

e Let X and Y be subsets of a universal set U and

suppose x and vy are elements of U.
—_—

“exuyereXoasey.) =
—reXNY SareXandaoelY. — \w/
—reX=YereXandzg¢V. -

—reX' r¢ X ’
—(r,y)e X xYsreXandyeVY. ~
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e Many set identities are given in the textbook... 3

e et all sets below be subsets of some universal set U.
—

—_—

1. Commutative Laws: For all sets A and B,
(a) AUBB)BUAand (b) ANBZ)BNA.

2. Associative Laws: For 2 s 4. B and C,

A

3. Distributive Laws: For all sets A, B and (',
\/I(ja) AU(BNC)=(AUB)N(AUC) and
(b)) AN (BUC)=(ANB)UANCY.
4. Identity Laws: For all sets A,

(a) AU = Aand (b) ANU = A
NN o

NI

5. Complement Laws:
(2) AU A = U and (b) @
6. Double Complement Law: For all sets A,
(AC)C — A-

7. ldempotent Laws: For all sets A,
(a) AUA=Aand (b) AnNA=A

11,

\y.

. Universal Bound Laws: For all sets A,

\/9.

10,

(a) AUU =U and (b) AN =10.
DeMorgan's Laws: For all sets A and B,

(a) (AUB)"=A"NB°and (b) (ANB) = A“U B".
Absorption Laws: For all sets A and B,
(a) AU(ANB)=Aand (b)) An(AUB) =A.

Complements of U and 0:
(a) U° =0 and (b) 0" =U
Set Difference Law: For all sets A and B,

LA—B:AHB“.7

e As with our logical equivalences and rule inferences:
our concern is not that you be able to memorize all of
these, but that you understand them and be able to
use them.

e We will also look at how to prove statements like
these...
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Proving set identities

X= 1

e All of these set identities claim that some set X is

equal to some set Y.

e Remember: two sets X and Y are equal if and only if

XCY and Y C X.

e So, given sets X and Y, to prove that X = Y:

1. Prove that X C Y. L/
2. Prove that Y C X. v



Example proof - set identity D An(smud) = (Aaps)v (ANC)
S -
¥ xcl . xe AQ(BLCD
e For all sets A, B and C, l (% E gOC)
shhme 2T (e
v} KAO(BUC):(AOB)U(AHC’). («C_A)/\(,xé@\/x__e_c)

b s

[This is one of the distributive laws for sets. The book - - A A K eC
proves the other one, so we'll prove this one.] = ( ReEh AN Q> v (NAA )
- _____’_/v——""""
AN C
e Proof: (on the chalkboard). = (’X e AN ) \:/:(O(E AN )
e For all sets A and B, (AU B)" = A°N B*. ~ X E %A,(\B)\)(A N
—_— T —
[This is one of DeMorgan's Laws for sets.] (9 (/A Ly (RN & A0 (0B uC)
— —_—— . T =3 —
e Proof: (on the chalkboard). .o dXeV., XE K(A(\&) (AN C)
= xe(ane) v x c(AN)
e Forallsets Aand B, (A— B)U(ANB) = A. _ (’)\C-/A/\’K(-MV W)
e Proof: (on the chalkboard). = (xea)A(xeBv ’7(:‘?)

= (xed A x¢ (B
xelan (gve))
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Example proof - set identity D (é\\)g)( — /,\((\ 1
el C
[UxeU . X (AVE) |
e C
e For all sets A, B and C, i (vo‘@.[j' ’)(C—(A\]ll)>

AN(BUC)=(ANnB)uU (ANC(C). ——g q‘(g’xc-U. 1 (xe (AvR) )>
= 7 (axeV . x4 (AvB)° D
2—-1(3*)(6\). X E /.\UB)

= 7 (3 x¢V. xeb v xeR)
= UxeU. T(xehvxer)
e For all sets A and B, (AU B)" = A°N B*. = VYaxeU. 1(,)(17'4)/\"(9((45)

o ——
[This is one of DeMorgan's Laws for sets.] xXdA N A & &

[This is one of the distributive laws for sets. The book
proves the other one, so we'll prove this one.]

e Proof: (on the chalkboard).

e
D X&A 1 xER
e Proof: (on the chalkboard). y W
) < ———

e Forallsets Aand B, (A— B)U(ANB) = A. _ ;'—l‘ '(\L/—)'G A/MRE ] = 1 (3xeV. en vxes)
= YU xenni) < q(axcV. xcAuB)
e Proof: (on the chalkboard). = T(Ixey. (Xent A RS = /=0, 1 (xe Aus)
= T(3Ax C-U-, 7(’(&@‘/\ x_ﬁ’ll_c)) = UxeV, ’X(‘L/')l)ls)f



BEXngIe Izoizf -Asetni:_egtity yxcU. xe (A-B)U (A0 &)
. ® = - /’\\ = X e (8-r) V ’7\(—(/4)413)

e For all sets A, B and C, /\: _B)
= (e A N xéB) y lckhy A

y e
[This is one of the distributive laws for sets. The b‘al)k — L’X L’A) A ( ?(/d_acv 4 )
(xen)n (xed YV XCE)

proves the other one, so we'll prove this one.]
\ (xen) h (x(,-(l?fui)_)~

= (xNH)A (xEU)

AN(BUC)=(ANB)U(ANO).

e Proof: (on the chalkboard).

e For all sets A and B, (AU B)" = A°N B*.

x & (ANUD

[This is one of DeMorgan's Laws for sets.]

e Proof: (on the chalkboard).

)

o Forall sets Aand B, (A—-B)U(ANB)= A

e Proof: (on the chalkboard).



Empty set P: Gar)a (4 ) =9)
¢ Ui'—: gt [TP- (ANP) 0 (A8 F ¢

e There is only one set with no elements. (See book for FN*(- b o trad i

proof.) D ’
swrfma ap s e (A na)i(4 (a-03 7
e Proving that a set X is empty; ‘Cﬁ’v/_
— Suppose that X has an element and derive a 3 KCU [\r'xc K//—\(\F\)(\ A-E j
contradiction. .—:_ (xé,(Aq ll) AN XE (A- B)
e Example: e 3) A ('K(’A/\ X &B>
Let A and B be any su subsets of some universal set U. = (/xc A /\ A n K 6} R
— -\
Prove that|(AN B)N (A — B) (ZD = XEAA “C’A)A ¢ <
I v ( e )

e Proof: (on the chalkboard).




Forall sets 4. B, and C,if BNC' C A, then (C'— A) N
p,_\v ABC PaC=n — (c- f-»)(\(ﬂ—ﬁjgj l/
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Forallsets A, B, C,and D, if ANC = @, then (Ax B)N(C x D)

O V 4.8 Cp ANC= ¢ > (AKB)/\(CKD) =9

gzt @ 2 4.8 (.0 [/,\/\c:c}/\(%m)q(c@—i b)

predf by proclete &w:r-f”*@ 1P o (A.xp)[\ (Cx )= 47\'

3 (%) L’)q NIES (/,;xxz)/\[(,xb)
= ((xye AxB)A (v € Cxb)
= [ %xeA /\aes)/\(?wc /\acb) <P s felie

XA N Xe & A H@B"t’“ - P T

= (9(.5A(\Q>/\ (y e BAD)
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